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Abstract 



We consider the dynamics of a FRW brane in a purely AdS back- 

■ ground, from the point of view of the bulk, and explicitly construct the 
. geodesical behaviour of gravitational signs leaving and subsequently 

I returning to the brane. In comparison with photons following a geodesic 

' inside the brane, we verify that shortcuts exist, though they are ex- 

■ tremely small for today's Universe. However, we show that at times 
CS ! just before nucleosynthesis, if high redshifts were available, the effect 

could be sufficiently large to solve the horizon problem. Assuming an 
inflationary epoch in the brane evolution, we argue that the influence 
^ . of those signs trought the extra dimension in the causal structure can- 

Qj \ not be neglected. This effect could be relevant for probing the extra 

• dimension in inflationary scenarios. 



1 Introduction 

As it has been recently argued in P, although the standard model of par- 
ticle physics is the uncontested theory of all interactions down to distances 
of 10~^''m, there are good reasons to believe that new physics could be soon 
arising at the experimental level. On the other hand, on the purely theoret- 
ical side, string theory and further developments connected to it provide a 
background with immense appeal in order to solve long-standing problems 
of theoretical high energy physics. It is by now a widespread idea, from 
a general theoretical setup, that the so-called M-theory j2] is a reasonable 
description of our Universe: in the field theory limit, it is described by a 
solution of the (eventually 11- dimensional) Einstein equations with a cosmo- 
logical constant, by means of a four dimensional membrane. In this picture 
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only gravity survives in the higher dimensions, while the remaining matter 
and gauge interactions are typically four dimensional. 

If the picture above is the one physically realized in nature, a very large 
amount of new physics emerges. In particular, when membranes are solu- 
tions of Einstein's equations and matter fields reside inside the brane, the 
gravitational fields have to obey the Israel conditions jB] at the sides of the 
brane. Thus, there is a possibility that gravitational fields propagating out 
of the brane speed up, reaching farther distances as compared to light prop- 
agating inside the brane, a scenario that for a resident of the brane (such as 
ourselves) implies shortcuts |lj - [Hi- 
lt is our aim in this work to further develop these ideas in the case of 
a FRW brane Universe jH]. The subject was developed until now from the 
point of view of the brane JU], where all time dependence is embedded in 
the bulk metric written in gaussian coordinates. The price payed for the 
knownledge of the position of the brane in the bulk is the complicated form 
of the bulk metric and, consequently, the complicated behaviour of geodesies 
in the bulk. However, if we treat the problem from the point of view of the 
bulk, where the brane evolves in a non-trivial way in a static AdS background, 
we can construct explicitly the causal structure of null geodesies leaving and 
subsequently returning to the brane. As it turns out, shortcuts are common, 
although harmless at the present days (the delay is vanishingly small), but 
could be large in the era before nucleosynthesis if high redshits were available. 

Moreover, one of the main goals of string theory nowadays is to prove itself 
able of coping with experimental evidences. Branes have been shown to be 
useful tools to understand the physics of strings and M-theory [TT] . As it has 
also recently been pointed out ^21; brane Universes such as the one described 
above could imply the existence of relics of the extra dimensions in the cosmic 
microwave background. Unfortunately, recent developments with inflation 
guided by a scalar field in the brane indicate that the consistency equation is 
preserved ^3]. In this work however, we show that if inflation took part on 
the brane, the causal structure is definitely changed by those gravitational 
shortcuts, possibly leading to a non-usual period of causal evolution of scales. 
This could be responsible for distinct predictions in the cosmic microwave 
background structure for inflationary models. 

The paper is organized as follows. Chapter two provides a short revision 
of the general setup adopted in this work: the view of the bulk. In chapter 
three we discuss how the brane evolves in the background and show the 
effects of the propagation of gravity trought the extra dimension. Finally, in 
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chapter 4 we explicitly construct the geodesical behaviour of the shortcuts 
found in the earlier fase of the evolution of the universe. A brief conclusion 
and discussion is also presented. 



2 The General Setup 

We consider a scenario where the bulk is a purely Anti-de-Sitter space-time 
of the form 

ds^ = h(a)df - —— - a^dT!^, 
h[a) 

with h[a) = + |T, I ~ 0.1mm is the Randall-Sundrum lenght scale [TH] 
and dT? represents the metric of the three dimensional spatial sections with 
fc = , ±1, 

1 — kr'^ 

The brane is localized at ab(T), where r is the proper time on the brane. 
The unit vector normal to the brane is defined as (overdot and prime super- 
script denote differentiation with respect to r and a respectively) 

n = diy{T)dt — t{T)da . (1) 

The normalization of n implies the relation between the bulk time t and the 
brane time r, 

h{ab)i'^ -db^h-^{ab) = 1 (2) 
and also the usual FRW expression for the distance in the brane , 

ds'^ = dr"^ — aldTi^ 

Aiming at the Israel conditions in the brane f3J we compute the second 
fundamental form 

Kgg = -ayhi , (4) 
= —abv"^ siv?{6)hi (5) 

(6) 
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and 

K„ ^ . (7) 

With these results, using the Israel conditions for a Z2 symmetric config- 
uration jH], 

we relate the discontinuity in the second fundamental form through the brane 
and the energy momentum tensor in the brane, Sij. For an isotropic distri- 
bution of matter, as given by 

Sij = erUiUj - prihij - UiUj) , (9) 

the following relations hold [IHIjCZI; QH] 

— = -3— (eT+Pr) 
ar ttb 



and 



4+4=%^ ■ (10) 

af 36 

Following JH] and [201; we introduce an intrinsic non-dynamical energy 
density cq defined by means of ex = €0 + e, pt = — cq + p where e and p 
corresponds to the brane matter. Thus the junction equations imply the 
usual energy conservation in the brane, 

^ = -3^(.+p) (11) 

ar ah 

and the modified Friedmann equation [21j, 

^Qb^ 3 ' ' 67o 

with the hierarchy 
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and the cosmological constant in the brane 



Mpl = 4? (13) 



^ = f!!M_ly (14) 
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The present density of the Universe is 



e(0) = fioec = f^oSM^^ifo , 

where Qq is the ratio of the density and the critical density of the Universe. 
Aiming at the energy conservation, the Friedmann equation can be written 
as 

6 al ^ A[l + A^r / 6) al ai 

where = al^fHl 

We thus verify that there exist three phases in the evolution of the 
Universe. When a^ » L^. the linear term in the energy density prevails 
in the Friedmann equation, leading to the standard cosmology. Because 
HqI ~ 10~^^ this happens in a redshift of aho/ai, ~ 10^^, much earlier than 
the nucleosynthesis. For at << Lc the Universe expands at a slower pace as 
compared to the standard model, oc t^^'', and the quadratic term is the 
prevailing one. In an intermediate era where ~ Lc, both phases coexist. 

We see that all the cosmological information is already known: the po- 
sition of the brane in the extra dimension, afe(r), is just the scale factor of 
the FRW metric and the junction conditions imply that the cosmological 
evolution of the brane is obtained by the usual energy conservation (lllj) and 
the modified Friedmann equations (jl2p . However, in this work, we are par- 
ticularly interested in the evolution of the brane with respect to the bulk. 
This relation can be obtained using (j21) and transforming from the time of 
the brane to the time of the bulk. Thus the position of the brane can also 
be treated as a function of the bulk proper time satisfying the equation 

dab dabdr . h{ab) 

— = — = afc(r)^^ = . (16) 

dt dr dt ^h{ab)+db{TY 

In the next section we solve the Friedmann equation ()15|) in order to 
obtain the evolution of the brane inside the bulk, namely (fT^ . 



3 The Brane evolving in the Bulk 

The main reason to study the evolution of the brane from the point of view 
of the bulk is to simplify the analysis of gravitational signs leaving and sub- 
sequently returning to the brane. In fact in the static AdS backgound, the 
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equation for a null geodesic in the bulk, a = a(t), is particularly simplified 

a{t) a^(t) / 3h'{a)a x h{a) , h'{a) ^ 
a ^ 2h{a) ^ ~^ a ^ 2 ^ ' 

On the other hand, the evolution of the brane in the bulk, a = ab{t), at 
early times, << Lc, is dictated by 

dab h{ab) i^/ \f. , ^ + "F A'^/^ 

-h{ab)[l+ ^ 



dt I, , h{a,) ^ ^^0 ^ 



where we used the fact that the quadratic term in the energy prevails. Thus, 



and, for << Lc, since the observed cosmological constant is at most A4 ~ 
H^, K4P << 1 we have 

^=.ftM(i- "';r^'' §(i+ti7(°g))) . (18) 

Substituting the result for the evolution of the brane, a{t) = h{a), in the 
geodesic equation (fTTj) . we verify that it is satisfied. Therefore, the trajectory 
of the brane differs from the trajectory of the null geodesic by a term of the 
order ij^] . 

This means that for ab << Lc, the trajectory of the brane in the bulk is 
governed by 

. (19) 



Thus, if = 0, 



dt P 



and, ii k = — 1, 
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In this last situation, if the Universe begins under the Randall- Sundrum 
scale, a(0) < /, it will recolapse to the singularity in a finite time. 




Indeed, there is an event horizon when a = / if = — 1. 
In the case of an eliptic Universe, 



ab{t) = /tan(y + tan-^(^y^)) 



(22) 



Starting at the singularity to = tq = at (to) = 0, we have 



dbit) = I tan 



(23) 



Note that the evolution of the brane in the bulk is linear near the initial 
singularity (a(t) ~ t for t << I), diverging at the critical time tc = |/. In 
fact, the behaviour of all solutions is similar near the critical time 



for = 0, —1, +1 respectively. 

As we approach the critical time ab{t) increases quickly. When af,(t) ~ 
equation ()19|) is no longer valid, and the trajectory of the brane is no longer 
a geodesic. Thus, for a very short period, from the point of view of the bulk 
the brane undergoes a phase transition. In figure ^this behaviour is shown in 
terms of the numerical solution of eq. (|T6|) for a radiation dominated eliptic 
Universe. 

Before the critical time, from the point of view of the bulk, there is no 
time left for the remaining graviton geodesies to reach the brane. This is in 
fact the kind of behaviour that we find in numerical studies of the complete 
equation for the evolution of the brane and null geodesies as in the example 
of figure 121 

On the other hand, for later times the evolution of the brane is softer, 
and shortcuts appear, as exhibited in fig. El 




(24) 
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0.2 0.4 0.6 0.8 1 

X = ln(t/to) 



Figure 1: Evolution of the brane in the bulk at the intermediate epoch ~ 
O.OlLc until tth ~ 200Lc, radiation dominated era (RDE), Qq = 2. 



3.1 The Effect of Shortcuts in Late Times Universes 



The shortcuts just found for late times Universes could be used to probe 
the extra-dimensionality by the aparent violation of causality in the brane. 
Thus, suppose that in r = t = an object could emit eletromagnetic and 
gravitational waves and that we could be able to detect both signs in times 
and Tg. We compute now the order of magnitude of the advance in time 
of the graviton. Since the signals cover the same distance in the brane, 



*9 dtn 



a{tg) \ 



h{a) 



a{tg 



h{a) 



(25) 



Here, a denotes the coordinate defining the geodesic in the bulk, and differs 
from the coordinate of the brane a^. In terms of the dimensionless parameters 
y and x, a = Ly and t — Tx the last integral reads 



10 a 



h{a) 



d(t)2 



*9 dtn 



y{x) 



I ^ L2y2 



J^2 



.(26) 
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» Brane 

• Null geodesies, v(0)=1 .7, v(0)=1 .4 and v(0)=1 




Figure 2: The trajectory of the brane in the bulk for = 2. Other curves 
are geodesies that start in the brane with different initial velocities. 



Using the relation between the time in the brane and that of the bulk we 
convert the above expressions in terms of the interval of time of the observer 
in the brane, 



dr^ _ r 
Jo Obfr^) Jo 



■^s dTg dtg 



1 + 



P P y(xy 



/ 

Jo 



1 



i dr, 



I h{ab) 

The Priedmann equation implies 



h{ab) + dbiTgY 



1 + 



P y{xY 



^9 dTg 1 



/ h{ab) \ P 

r's dTg 1 y^L 
Jo I h{ab) I \ 



LI 



1 + 



P y{xY 



1 + PA^ + 



L/C 



P P y{xy 



ylL'i'^ L^y^ T^y^ + y^^ 
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» Brane 

• Null geodesies, v(0)=1/2, v(0)=1/3 and v(0)=1/5 



• A * 
• 4 * 

t * < 

. * 



a' .•• .•• 



0.1 



0.2 



0.3 



0.4 



x = t/l 



0.5 



Figure 3: The trajectory of the brane in the bulk for = 2, matter domi- 
nated era (MDE) with k = 1. Also null geodesies starting in the brane with 
various initial velocities. 



1 



ab{Tq) 1 + 



\ 



I+PA4 + ^ — , 



1 + 



f 

Jo 



Therefore, ii L » Lc » I we obtain, at second order in Lj L and l/L, 
P 1.0. lQt,L1^/. IP IP y{xf 



Finally, 



) • 



''1 dr^ 



ctblr-y) 







1 P 

+ 77- 



1^:^ 1 
2 y,^ + 2 

1 P y{xf 



ill 



2LV 2r2L2 y4 
Thus, at first order, the time difference between the photon and the gravi- 

r q 

ton is corrected in the integrand by terms of the order Today this factor 
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is at most 10~^^ and in the time of decoupling 10~ , showing that the time 
advance of the graviton can be safely neglected and is of no physical signif- 
icance, in spite of the fact that the trajectory of the brane is distinctively 
different from the null geodesic. 

3.2 The Effect of Shortcuts in Early Time Universe 

From the analysis developed so far we learned that the periods of evolution 
of the Universe differ by the scale that defines the physical significance of 
the shortcuts. In an era where ah « Lc, the trajectory of the brane in the 
bulk differs from the extreme geodesies by (aft/Lc)^'' and the shortcuts do 
not appear, since the brane itself provides the graviton geodesic. 

In the period when ab >> Lc, the trajectory of the brane is far from a null 
geodesic and shortcuts appear, but they are not significant, since the skin 
depth of the graviton in the bulk is defined by the parameter I « « ah- 
The difference between the time intervals of the photon and the graviton is 
of the order (Lc/ab)'^. 

However, from the continuity of the evolution of the brane in the bulk, we 
expect that there is also an intermediate situation ~ Lc when physically 
important shortcuts could appear, since the evolution of the brane is far 
enough from a geodesic. Indeed, in figure El rescaling the geodesies in the 
bulk we can observe the behaviour of the brane as compared to the geodesies 
that start in it at a later time. It is clear that these shortcuts are serious 
mediators of homogenization of the matter in the brane in the era before 
nucleosynthesis 0, [Z|- 

From the evolution of the brane in the bulk in the intermediate epoch 
we thus conclude that there is a critical age tc-, after which the gravitational 
waves leaving the brane return before the arrival of the photons released at 
the same time as the gravitons. The behaviour of the geodesic in the bulk 
shows that any geodesic starting in the brane at a certain instant will be 
singular at a time later than the critical time, indicating that it will return 
to the brane. Thus, information leaks between regions which apparently are 
causally disconnected at times t > tc- 

In order to study the horizon problem, we now compare, at a certain time 
Tn previous to nucleosynthesis, the graviton horizon Rg with the observable 
proper distance of the universe (from the radiation decoupling until today) 
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0.2 0.4 0.6 0.8 1 



X = ln(t/to) 



Figure 4: The trajectory of the brane in the bulk leaving a = O.OlLc in 
the RDE. Geodesies in the bulk with different initial velocities are exhibited 
intercepting the brane after the critical time tc- 



jH]. Since the graviton evolves in a bulk geodesic, 
dr 



Rg = 



dr 1 



dt 
a 



\ 



h{a) 



d2 



h{a) 



dT\lKa^) + dl 
a h{ab) \ 



h{a) 



abl + P/al\ 



1 + + 



(1 



X 



while in the brane, the size of the observable Universe is i? = f 



a2 
h{a) 



(27) 
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We use the known results for the usual particle horizon 



where z{t) = abQ/abij). Today, 

R -=J = i?o . 

For the computation of the graviton horizon, we work in a primordial era 
before nucleosynthesis. Thus, in the Friedmann equation we can neglect the 
usual cosmological term as well as the curvature term. At an epoch between 
Planck era and nucleosynthesis, / << ab « Hq, it is safe to neglect terms 
involving /^/L^ in ()27|). and we find 



R,^ 







Using the Friedmann equation we get 



oi/2„_._ .L, ^2 / o„„.,2 . • (28) 



4 

The integral diverges for arbitrarly high redshifts, proving that the hori- 
zon problem is potentially solvable. The behaviour of this integral can be 
determined. We have 

Rg^—Z{0) . 

O-bO 

Comparing with the size of the Universe today, 

Rg 



Ro 2 • 

It looks like shortcuts are not enough to solve the horizon problem, since 
we would need to go back in time to z{0) ~ {Hol)~^ ~ 10^^, 10^^ times 
higher than the redshift at the Planck time in the brane associated with the 
fundamental scale of gravity, K5. 

For the time being, lets assume the validity of the theory in such high 
energies. In the next section we will argue that, in order to provide a solution 
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to the usual cosmological problems, inflationary models must use of those 
high redshifts. We may note, however, that there are actually two related 
time scales. In the primordial Universe the brane is evolving as a part of the 
bulk, with velocities close to that of light, and time intervals in the brane 
correspond to much longer intervals in the bulk. In fact, the relation between 
these scales is obtained from to = = '^^(''o) = and from 



/ 

Jo 



h{ab) 

For at << Lc we have t « I, and one finds, as a consequence 

t ^ r = r^^^ 

io h{ab) Jo k + al/P 
This implies, for the example of a closed universe with Qq = 2, 

abir) 



t = I a.Tcta.n(^— — ^ 



Therefore, when ab(r) ~ /, that is, when the brane time is r ~ lO^^^s, 
the corresponding bulk time t ~ ^/ ~ 10~^^s is much larger than the Planck 
scale, t» M^^y 

If we assume that quantization is mandatory according to the bulk Planck 
energy scale, geodesies that start in the bulk with z{0) ~ {HqI)~^ should 
be sufficient to homogenize the Universe before nucleosynthesis, reaching 
i?g ~ 1. In order to verify this, we have numerically integrated the expression 
for the distance reached by geodesies a{t) starting in the brane at ab = I, 
corresponding to a time t = 7r/4/, for k = 1 with fio ~ 2 (abo ~ Hq^): 



Rg 



*/ dt 



a2 



i7r/4 a \ h[a) 



The solution of the geodesic equation is given in figure El The brane 
evolves initially as a geodesic with speed f ~ 2 [ab ~ I) and we exhibit 
a geodesic with zero initial speed in the bulk. The point of inflexion in its 
trajectory is t/ = 2.356/ > tc = |/. As we saw before, the brane evolves 
smoothly after the transition and the geodesies return to the brane if we 
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0.5 1 1.5 2 

x = t/l 



Figure 5: Null geodesic starting ai a = I, t = it /Al with initial velocity 
v{tt/A) = 0. 

wait until tj, see d^H)). Although the trajectory diverges near this point, the 
integrand in (j29p is finite and we can perform the integration, finding 

Rg = 2.526 . 

Thus, the observable Universe is smaller than the reach of the relic gravi- 
tons that start in a previous era. 

4 Causal Gravitational Structure 

In the last section we learned about the behaviour of null-geodesics for closed 
Universes. We can, however, study analytically the whole causal structure 
of the gravitational signs for a k = Universe. 

The geodesic equation, (fTTj). is quite simple for purely AdS k = space- 
times 

J_c[a ^ v{0) 

a?dt a(0)2 ■ ^ > 
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Thus, a geodesic that starts in the brane at a = a(0) ant t = 0, with 
initial veolcity v{0), returns to it when 



a(0) 



The expression for the gravitational horizon can also be integrated 

dt r Fd? 



Rn 



dt 

a 



\ 



h{a) — 



h{a) Jo I 



1- 



1 - 



I \ a(0)4 ■ 

Using the relation between the returning time and the initial velocity, 



(31) 



Rg - — . 



1 - 



/4 



(32) 



In order to relate the returning time to the redshift, we must integrate 
the relation between time of the bulk and time of the brane ()16|). We already 
know that from a(0) to the critical period of transition a time of tc ~ 
has passed. After that, the evolution is dominated by the usual term in 
Friedmann equation and we can approximate 



P 1°-^ ^ dab 



+ 



21 



(0) (g-2)v^ifoa6o 



— ; — ; h / dcih — == u,L 

a(0) Jl, \A^Ho ^ 



g/2-2 



(33) 



where Zr must, of course, be greater than the redshift in the transition. 
Substituting back in the expression of the gravitational horizon. 



Rn 



I 



+ 



a(0) (g - 2)Vn^i^oaM 



X 



1 + 



2a(0) 



(g - 2)y/nolHoai,o 



-q/2+l 



10-15 



(34) 



16 



When considering the interesting situation of a high initial redshift z{0) = 
afeo/a(0) > {HqI)~^, this expression can be approximated by 



Rn 



4a(0) 



;,-'?/2+i _ 10-15) . (35) 



1(0) \ {q~2)V^olHoato 
Comparing with the size of the horizon today, we find 




10-15) . (36) 



-9/2+1 



We note, as we did in the last section, that if sufficiently large redshifts 
were available, the graviton horizon in a past epoch could be larger than the 
present size of the observable Universe. 

We argue, however, that those high redshifts could be available even when 
the energy density in the brane is not quantized yet. Indeed, if infiation takes 
place in the brane high redshifts could be present in the beginning of the 
infiationary epoch. 

Denoting the redshift when infiation ends by z^, if the size of the present 
Universe, Rq, is expected to be in causal contact during infiation, we must 
reach at least a redshift in the beginning of infiation, z{0), that solves 

a-boRo TT-if \ 
z(0) ^ ^ 

The unusual results in brane-world cosmology are expected if infiation 
ends before the transition time, when the quadratic term in Friedmann equa- 
tion dominates. In this case, we get 

^(0) ~ 

and 

^(0) = 2^oHolzt . (37) 

If H{Z(.)l » 1, it is simple to note, from equation (fTBj) . that the evolution 
of the brane in the bulk is not altered during infiation. Thus, we can sub- 
stitute the result (jSZI) in the complete expression for the causal gravitational 
horizon (jSEI), 
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This equation tells us that, in the time of nucleosyntesis, when z^. ~ 
10^°, Rg/Ro ~ 1 for a model with inflation ending just before what would 
be the Planck era, with Ze ~ 10^^ (where zpi ~ 10^®). This proves that 
successfully inflationary models ending before the transition time necessarily 
make relevant changes in the causal structure of the universe. 

We are able to sketch the gravitational horizon for this kind of configura- 
tion. In figure El we show the behaviour of the Hubble horizon in comoving 
coordinates H~^a^^ / Rq and the graviton horizon Rq/Rq for an inflation- 
ary model ending just before the Planck era, Ze = 10^^ and producing the 
necessary number of e-folds to solve the horizon problem. The fraction of 
the Universe in causal contact by gravitational signs in the nucleosynthesis 
epoch is just the present horizon Rq. Today, the gravitational horizon would 
be 10^i?o- 

5 Conclusions 

Studying the shortcut problem in braneworld cosmology from the point of 
view of the bulk we have explicitly shown that shortcuts are indeed common 
in late time Universes, though they are extremelly small and the time advance 
of the graviton can be safely neglected. However, we have also learned that 
gravitational signs may leave and subsequently return to the brane even 
in early times Universes. We have showed that those shortcuts exist and 
that the new scale of the model, /, implies in a minimum time scale for the 
reception of those signs by an observer in the brane. Before that critical 
time, the brane itself evolves like a null-geodesic in the bulk. 

If high initial redshits were available the shortcuts just found could solve 
the horizon problem without inflation. More important however, may be the 
effect of those shortcuts with an inflationary epoch in the brane. 

Brane-world models incorporate two changes in the cosmology, namely, 
the modified Friedmann equation and the possibility of leaking of gravity in 
the extra dimension. Using the first of those modifications, it was shown 
that, remarkably, the consistency equation is mantained in the brane-world 
formalism when the inflation is guided by a scalar field minimally coupled 
in the brane jT^]. This consists in bad news for those who expect that 
brane cosmological configurations could probe the extra dimensionality of 
our Universe. 

However, we have showed that if there was an inflationary epoch in the 
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Figure 6: Wc plot in log-log scale the evolution of the fraction of graviton 
horizon and the present observable size, Rg/Ro (dashed line) and the same 
for the Hubble horizon a^^H~^ /Rq (solid line), for an inflationary model in 
the brane that ends after Planck time {upL — — \og{zpi) — —18), and before 
transition time {utr = —15), in Ugnd = —^og{zend) = —17. The present 
scale would be under the de-Sitter horizon if redshifts like ■u(O) = —39 were 
available. This imply in strong modifications of the causal structure for 
gravitational signs after the transition time. 



brane evolution, the causal structure of the universe could be strongly mod- 
ified. This could be a sign of an unusual evolution of the perturbations from 
the time they cross the de Sitter horizon, H^^, during infiation, through the 
time they became causally connected again. In this case, there could be dis- 
tinct predictions for the microwave background radiation structure even with 
the same consistency equation during inflation. Thus, further investigation 
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on the dynamics of perturbations in inflationary brane-world models may 
prove useful to probe the dimensionality of space-time. 
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